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Letp,beaC*flow(r>O)onaCrmanifoldMi.e.,~:[W x M-+MisaCr 
mapping which commutes with the additive group operations on the real numbers 
Iw. Conley and Easton [l] have studied the notion of an isolated invariant set for 
F, and they have shown that such a set has special neighborhoods which they 
have called isolating-blocks. Wilson and Yorke [2] have introduced a special 
kind of isolating block, the CT isolating-blocks-with-corners, and have related 
this structure to a special kind of Lyapunov function, the monotone Lyapunov 
function. 
In some recent investigations [3-51, w h ere it has been useful to know particular 
details about the structure of v in an isolating-block B, the hypothesis that 
certain portions of aB (the boundary of B) have a product foliation of codimen- 
sion one has been useful. In this paper, we shall show that when there is a product 
foliation of this type, then it is possible to choose a Cr monotone Lyapunov 
function so that its level surfaces intersect aB in the leaves of the foliation. While 
the product foliation of aB is not uniquely determined by the flow, its qualitative 
structure is determined by the facts that it is a product foliation and that each 
leaf is homeomorphic to the tangency set 7. (For the reader who is not familiar 
with the standard isolating block notation, there is a review of this notation in 
Section 1.) In particular, we show that any homeomorphic isolating block with 
equivalent boundary structure has an equivalent special monotone Lyapunov 
function. 
This machinery was developed for use in the study of Coleman’s conjecture 
[4], which we have posed as a question about the conjugacy of flows in isolating 
blocks [5]. But our method has potential applications in the broader isolating 
block context, and so we decided to develop this machinery in full generality. 
For motivational purposes, we shall give a brief sketch of this application. 
Suppose that we have flows ~1 and v2 on isolating blocks B1 and B2, and that 
we wish to construct a conjugacy between these flows on the complements of the 
isolated invariant sets. ‘I’here is no possibility of the existence of such a conjugacy 
unless the boundary data are equivalent; so assume that a diffeomorphism 
12: (ITBl, a+l, a-1, ‘1) -+ (a@, a+2, cZ, T”) 
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has been provided. Note that a given product foliation F+r of b+l - u+r induces 
unique product foliations K1 of 6-l - u-1 (by @), 9+” of b:a - u+~, K2 of 
bm2 - am2 (by h). By our results, there are special monotone Lyapunov 
functions V, and V, , which are compatible with these structures. It is easy to 
write down conjugacies between the restrictions of the flows to B1 - (A+l u A-lj 
and B2 - (A+2 u A-2), but t o extend these conjugacies to A+l ~ S and 
A-1 - 9 requires that the parameterizations along the trajectory segments be 
chosen carefully. In the presence of the monotone Lyapunov functions we make 
such choices by simply requiring that the Lyapunov function values be preserved 
by the conjugacy; i.e., we use the level surfaces of these Lyapunov functions to 
comb the trajectory segments through the blocks. This process is carried out with 
care in [4]. One consequence of this approach is that there are no internal 
entanglements of trajectories, which prevent us from constructing the con- 
jugacies; i.e., any obstructions to the construction are visible from the boundaries 
of the isolating-blocks. 
1. ISOLATING-BLOCKS AND MONOTONE LYAPUNOV FUNCTIONS 
We shall begin by reviewing the basic definitions which are associated with 
isolating-blocks; cf. [l ,2]. 
DEFIKITION 1.1. An invariant set S for y is an isolated invariant set if there 
is a compact neighborhood U of S such that S is the largest closed invariant set 
in I’. The neighborhhod U is called an isolating-neighborhood for S. 
DEFINITION 1.2. An isolating block B for v is a compact subset of M with 
nonempty interior and with the properties that aB is partitioned into the ingress 
set b, , the egress set b- , and the tangency set 7 = b, n b- and that if an orbit 
originates in 7, then it leaves B in positive and negative time without entering the 
interior of B. 
Remark. The effect of the condition on 7 is that if a trajectory becomes 
tangent to aB, then it bounces off of B from the outside. Also, if B is an isolating 
block for v, then the largest closed invariant set in B is an isolated invariant set 
which has B for an isolating neighborhood, since no invariant set in B can 
intersect the boundary of B. Conley and Easton [l] have shown that for every 
isolated invariant set S, there is an isolating block B such that S is the largest 
closed invariant set in B. Thus if we have a particular isolated invariant set S in 
mind, we may refer to B as an isolating block for S. 
DEFINITION 1.3 (cf. [2, Definition 1.31). A C’ isolating-block-with-corners 
is an isolating-block B for q~ such that 
@' MONOTONE LYAPUNOV FUNCTIONS 3 
1. 8B is a piecewise CV manifold; 
2. there are Cr open (n - I)-manifolds n, and n- which are transverse to 
y, which have transversal intersection, and which satisfy b& = ni n aB and 
7 = b, n b- = n, n n- . 
Notation. Let B be an isolating-block for qx Define 
A+={x~Bj~(&t,x)~Bforallt >O}, 
S=A+nA- (isolated invariant set in B), 
a+ = A*nbb,, 
a+:B-AA,+[O,co] (C’ functions which are defined implicitly 
by e?[ic&), 4 E W. 
Every isolated invariant set has a C’ isolating-block-with-corners [2, Theorem 
2.41. From the proof of that theorem and from [2, Theorem 2.61 we conclude 
that inside of a Cr isolating-block-with-corners for an isolated invariant set S, 
there is always a slightly smaller one. It is also easy to show that there is always a 
slightly larger one. 
LEMMA 1.4. Let v be a CTjow and let S be an isolated invariant set for p If 
B is a Cr isolating-block-with-corners for S, then there is a c’ isolating-block-with- 
corners B for S such that B is contained in the interior of i?, and such that there is an 
ambient isotopy of M which carries B onto B through isolating-blocks-with-corners 
for T. 
Proof. Let b, , bp , n, , n- , r be the sets associated with the structure of B 
as in Definitions 1.2 and 1.3. Choosing slightly smaller sections n, and n- if 
necessary, we can find an E > 0 such that v 1 [-E, 0] x n, and F / [0, 61 x n- 
are embeddings into M. By the Openness of Transversal Intersection and the 
Transversality Isotopy Theorem 16, Sect. 201, there is a p E (0, E) such that 
p;(-t, n,) intersects yz(t, n-) transversally for each t E [0, p], and such that 
{cp-t, n,) n v(t, n-) / 0 < t < p} is an isotopy between 7 and i = r&p, n,) n 
q(p, n-). Now ~(p, +) bounds a compact submanifold with boundary m, in n, 
and by taking p smaller if necessary, we can have b, contained in the interior of 
b, , Similarly, define m- to be the submanifold of n_ which is bounded by 
+p, ?) and which contains b- . Define 
B = B u y([--p, 0] x m,) u v([O, p] x HZ-). 
Then 6, = p(F:p, ml) C ~(‘fp, n*), and i = 8, n 6- is the corner of 8. Thus 
l? is a C’ isolating-block-with-corners which contains B in its interior. Finally, 
the isotopy which we have obtained between r and ? can be used to construct the 
desired isotopy between B and B. 
In [2], the notion of a monotone Lyapunov function was used to show the 
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existence of an isolating-block-with-corners. This tool has further uses for 
describing the structure of the flow inside of an isolating-block, e.g., [5]. We shall 
use the notation V, = V-l(c) to denote the level surfaces of the function V. 
DEFINITION 1.5. A CT monotone Lyapunov function for an isolated invariant 
set S of a flow p is a continuous function V: Sz -+ R satisfying 
1. Q is an open neighborhood of S. 
2. V(S) == 0. 
3. V(x) > 0 for all x fz Q - S. 
4. l7 I (Q - S) is a t? function. 
5. If a trajectory of y leaves 52 is both positive and negative time, then it 
intersects Vo . 
Remark. Condition 5 is omitted from the statement of this definition 
[2, Definition 1.41 but is tacitly used throughout [2]; cf. especially [2, Theorems 
2.2,2.3]. An important consequence of Condition 5 is that if Q is the interior of an 
isolating block B, then v0 = V,, u 7 (closure of V,). 
It follows from [2, Theorem 2.61 that if B is an isolating-block for the isolated 
invariant set S, then there is a Cm monotone Lyapunov function V for S whose 
domain is the interior of B. From this result and Lemma I .4 we have 
COROLLARY 1.6. If B is a C” isolating-block-with-corners for the isolated 
invariant set S, then there is a Cz monotone Lyapunov function for S whose domain 
is a neighborhood of B. 
We should note that if V: D - R is a monotone Lyapunov function given by 
Corollary 1.6, then it does not necessarily follow that V, n 3B = 7. In the next 
section, we shall construct functions with this property. 
2. MONOTONE LYAPUKOV FUNCTIONS SUCH THAT V,, n aB = r 
We shall say that an (n - I)-dimensional submanifold-with-boundary N is 
transverse to v if there is an open (n - I)-dimensional submanifold of M which 
contains ,\’ and which is transverse to v. 
THEOREM 2. I. Let B be a C’ isolating-block-with-corners for the CT flow F 
(r > 0), and let Q denote the interior of B. Then there is a 0’ monotone Lyapunov 
function I,-: ,Q + R such that V,, - S is a C’ submanifold-with-boundary in M 
which is transverse to qx 
Proof. For x E n, and sufficiently close to 7, there is a time G(X) such that 
9(20(s), X) E n- . Let U be a neighborhood of 7 in 1z+ on which U: U-t R is a C’ 
mapping. Letf: U- M be the mapping f (zc) = y(o(x), x). Then N = f(U) is 
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an open (n - 1)-dimensional submanifold of M which contains 7 and which is 
transverse to 9). It suffices to construct a CT monotone Lyapunov function 
V: Q - R such that V,, coincides with N near 7. 
Let W: Q -+ 03 be a C’ monotone Lyapunov function for cp and S (cf. [2, 
Theorem 2.6]). Then W, is a cross section to ‘p in Q(A+ u A-) and w0 = 
W,, v 7. By the Implicit Function Theorem, the functions T: 52 n N -+ R and 
y: N + HJO defined by y(x) = q~(T(x), x) E W, are CT functions. Let 
Y =I y(C) C W,, . Let ar: N + [0, l] be a C’ function such that a z+ 1 in a 
neighborhood of 7 and such that the support of 01 is compact. Define r: N -+ R 
by 3(.x) = [l - ,x(x)] T(x) f or x E N n B and 7(x) = 0 for x $ B. Then 
N = {(G(.~(x), x) j x E Nj coincides with N in the complement of B and in a 
neighborhood of T and coincides with W, near W, - Y. Thus it suffices to 
construct a Cr monotone Lyapunov function V such that V,, = n n 8. Suppose 
that h: ,Q + Sz is a CT diffeomorphism, which preserves trajectory segments in Sz 
and which carries m n Q onto W,, . Then V = W 0 h is a monotone Lyapunov 
function for rp and S, and 
V, = V-l(O) = (W 0 h)-l(0) = h-l( W,) = R n 32 
(note that v0 = W,, u 7 and 8 n aB = 7 together imply that for x0 E 7, 
limz+r o h(x) = x0 ) and so the fifth condition for a monotone Lyapunov function 
is satisfied). Thus it suffices to construct such a diffeomorphism. 
LEMMA 2.2. Let Sz denote the interior of a C’ isolating-block-with-corners B, 
let Air denote a C’ cross section for v which contains 7 and whose v-saturation is 
separated.from A, v A- , and let T: m + R be a C’ function which satis$es 
1. TI(rn-Q) ==o, 
2. T has compact support in n n B, 
3. for 0 < a < 1, q~(x, ciT(x)) E J2. 
Then there is a C’ d@eomorphism h: Q + Q, which preserves trajectory segments 
and which satis$es h(x) = ~(x, T(x)) f or x E m. Moreover, h can be chosen to be the 
identit?; dif/eom.orphism on the complement of the y-saturation of m and on a neigh- 
borhood of EB - T. 
Proof. Let JV” denote the y-saturation of m in Q, i.e., the union of trajectory 
segments, which cross N n Q. There are Cr functions p, Y: n, n M + [0, co) 
such that ~(x, p(x)) EN and ~(x, V(X)) E n- for all x E it+ n M. We want to 
define a C“ function 9-z n+ n J + [0, co) satisfying 
1. .Y c 9)(x, t) = f for 0 < t < c(x) and for V(X) - e(x) < t < Y(X), 
2. 9 c p)(x,p(x)) = /L(X) t- T(x), 
3. (djdt) F 0 ~(x, t)ltSto > 0 for 0 < t, < V(X), 
4. 9 c p;(x, t) = t if T 0 9)(x, p(x)) = 0. 
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If we have such a function F, then h: L? -+ i2 can be defined by 
h(x) = x if xE.Q-JV 
= dx+ 3 WN if x E A-, 
where x+ = ~(x, u+(x)) in+ for x E B - A- . Given real numbers a, b with 
a < b, then 
f(4 4 6) = 0 if t,<a or t>6 
= exp[(a - t)-i + (t - b)-l] if a<t<b 
is a C” function with support [u, b], and 
F(t, a, b) = 0 if t<a 
=I 
s 
tf(s, a, b) ds/Ibf(s, a, b) ds if a<t<b 
n (I 
= 1 if t>b 
is a C” function which is constant except on [a, b]. Now for any given S > 0 
f(t, 4 6 s> = 0 if t<u or t>b 
= qt, a, a) if a < t < a = a + S(b - a) 
zz 1 if 5 < t < 6 = b - S(6 - u) 
= 1 - F(t, 6, b) if 6<t<b 
is a C” function with support [u, b], which satisfies 
:p 1;;) f(t, a, b, 6) < jbf(s, a, b, S) ds 
n 
for a < t < b (this condition will be important for a derivative estimate). 
Now define 
P(t, a, b, 6) = 0 if t<a 
= 
s 
)(s, a, b, S) ds/j-abf(s, a, b, 6) ds if u<t<b 
=l if t > b. 
Given p E (a, b), then 
g(t, a, b, s, p) = 0 if t<u or tab 
= qt, 4 /4 S) if a<t<p 
=l if t=p 
= 1 - F(t, /L, b, 6) if p<t<b 
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is a C5 function which has support [a, b], with its maximum at p, and for 
a<t<b 
g At, a, b, 6, CL) I I 
Sf - = 6t (t, a, b, 6) 
Therefore, if / T j < (b - a)/(1 - 26) and we define 
G(t, a, b, 6, CL) = t + Tg(t, a, b, 6, P), 
we have a Ccc function with values 
G(P, a, b, 6 CL) = TV + T, 
G(t, a, b, 6, i-4 = t for t < a or t > b 
and 
g, 
n 
t, a, b, 6, p) = I + T z (4 a, b, CL) 
(b - a) (1 - 26) 
> ’ - (1 - 26j- * (b - a) 
> 0. 
G is a function, which describes the time modification along a single trajectory. 
If we wish to work in a time interval [a, b], we desire a maximum push of 
magnitude Tat value p E (a, b), and 6 > 0 is chosen so that (1 + 26)T < (b - a). 
It remains to show that in the current situation, a, b, T, CL, and 6 can be chosen to 
vary smoothly as x varies in n, n g. Recall that for x E n, n 2, we have 
defined 
p(x) such that IJJ(X, p(x)) c N, 
V(X) such that ~(x, V(X)) c n- , 
and 
T 0 q(x, p(x)) the desired push of N, 
--CL@) < T 0 dx, ~(4) < 44 - CL@). 
Let 6: n, n x --f (0, 1) be a Cm function such that 
-p(x) + S(x) -c (1 - 2W)T 0 cp(x, ~(4) < 44 - ~(4 - S(x) 
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and let a, b: n, n g + (0, cc) be C” functions defined by a(~) = 6(x), b(x) = 
V(X) - 6(x). Then for x c n, r\ 2 and 0 < t < V(X) define 
On each trajectory, 9 corresponds to the function G which we discussed above, 
and so Y has all of the desired properties. 
This completes the proofs of the lemma and the theorem. We note that for the 
monotone Lyapunov function V which we have constructed, the surface V,, 
extends to the exterior of B by the surface N which lies between n+ and n- . 
Moreover, if we construct a larger block B as in Lemma 1.4, then we have ? 
contained in N, i.e., in the extension of p,, . Applying Theorem 2.1 in this context 
we obtain the strengthening of Corollary 1.6, which is discussed at the end of 
Section 1. 
COROLLARY 2.3. If B is a Cr isolating-block-with-corners for the isolated 
invariant set S, then there is a CT monotone Lyapunov function g for S, whose 
domain is a neighborhood of S and which has the property that P(T) = 0. 
We note that we must sacrifice differentiability since we obtain p by pushing 
along the trajectories of the Cr flow ‘p. 
3. MONOTONE LYAPUNOV FUNCTIONS AND A FOLIATION STRUCTURE 
We shall now assume that the isolating-block-with-corners B has the property 
that b- - a- is diffeomorphic to 7 x [0, 1). 
LEMMA 3.1. If b- - a- is dzfleomorphic to 7 x [0, I), then b, - a+ is also. 
Moreover, there is a CT foliation g of B - (A+ u A_) of codimension one, which 
is tangent to the JEow and whose intersections 9+ with b* , respectively, are product 
foliations of bi - a; . Moreover, tf V is any monotone Lyapunov function for B, 
for which V0 = V0 u T is a submanifold with boundary transverse to thejow, then 
9 is transverse to V,, and 9 n v,, gives a product foliation of V0 of the form 
7 x [O, I). 
Proof. Given a C’ foliation E of b- - a- , we construct .P by taking a leaf 
of 5 to be the v-saturation of a leaf of E . Since v is a Cr flow, it follows that 
9’ is a CT foliation. Certainly, 9- is tangent to the flow. Since the flow is trans- 
verse to 6, , it follows that .F n b, provides an analogous foliation of 6, - a+ . 
Finally, given a monotone Lyapunov function V, V,, = V-l(O) - S is a 
submanifold, which is transverse to the flow, and consequently, which is 
transverse to 9, and so 9 n va gives a product foliation of r0 . 
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LEMMA 3.2. Let F be an invariant C’ foliation of B - (A+ u A-), which 
induces a product foliation S+ on b, - a+ , and let W: Q + (1, 1) be a Cr monotone 
Lyapunov function, which is de$ned on a neighborhood Q of B and which satisjies 
W(T) = 0. Then there is a CTfunctionf : b; + [- 1, O] which satis$es 
1. f,,==Tandf_,=a+. 
2. For-1 <c< 1,fcisaleafof9+. 
3. f(x) < W(x) for s E 6, - 7. 
4. Derivatives off of all orders vanish at a+ . 
Proof. Let y be a C’ closed arc from 7 to a+ which is transverse to s+ . Since 
y and F- have Cr structures, we can specify a C’ function f : b+ + [ - 1, 0] by a 
CT strictly monotone specification of the values off along y, which satisfies 
Condition 4. Since B is compact, W(B) = [a, b] C (-1, 1). Let L be a leaf 
ofFr, which separates W, from 7 in 6, . We shall choose f (L) = a and define f 
inside of L to satisfy Condition 4. (Condition 3 will be automaticahy satisfied 
there.) For the rest of b, , we need only be careful that Condition 3 is satisfied. 
For x E y, define D(x) = min{d(y, a+) j y E Z?+(X)}, where d is some metric on M 
and E(X) denotes the leaf of F+ which passes through X. Then D is continuous, 
satisfies a Lipschitz condition at a7 , and is strictly increasing on y. Smoothing D 
by convolution against a smooth kernel, we obtain a C’ function with these same 
properties, which we shall also denote by D. Then 
f,(x) = k exp[ -D(x)-2] - 1 
is a C” function, which is strictly increasing on y and which has derivatives of all 
orders vanishing at a, . The constant k can be chosen so thatf,(L n y) = a. Now 
W is a Cr function, which has negative values on 6, - 7 and W(T) = 0. There- 
fore, we can find a strictly increasing CT function fi: y 4 [- 1, 01, which has the 
property that fi(r n T) = 0 and for x E y - 7, fi(x) < W(y) for y E F+(x) 
and f,(L n y) -= a. Let - 1 < d < a and let CY: y --) [0, I] be a CT function 
with the property that m(x) :: I iffi(x) < d, and a(x) = 0 iff2(x) >, a, i.e., if .X 
is outside of L. Then f = afi + (1 - a) fi has a natural extension to b, , which 
satisfies the requirements of this lemma. 
rh?OREM 3.3. Let B be a Cr usolating-block-with-corners for the Cr flow v, 
and let .E be a C’ product foliation qf b+ - a+ - 7 x [0, 1). Then there is C’ 
monotone L~~apunov function V: Q ---f [ - 1, l] for F, which is dejined on a neigh- 
borhood I2 qf B, which has V(T) = 0, and which has (Ven(b+-a+)) --I < 
c ~1 0) z= .E Moreover, if E is the induced foliation on b-. - a_ b-y .9Y+ and q~, 
then I7 ran be chosen so that ( V,. n (b_. - a-) ! 0 < c < l} = .E 
Proof. Let Q be a neighborhood of B and let W: Q - (- 1, I) be a C’ 
monotone Lyapunov function for cp with the property that W(T) = 0 (Corollary 
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2.3) and let F be the invariant foliation of B - (A, u A-), which is induced 
by IJJ and 9, (Lemma 3.1). Let U be defined on a neighborhood of b, 
by U o ~(3, t) = f(x) + t for x E b, . Then for small values of t, Z: c p)(x, t) > 
W~~(x,t)andX=l.LetS,,S,b t e wo C’ cross sections to the flow in B, 
which satisfy 
1. 6S, = 7 for i = 0, 1. 
2. S,, lies in the region of B where U < W. 
3. S, separates 6, from S, (except at 7). 
Let (Y: B - 7 -+ [0, I] be a C’ function such that a(b+ - T) = 0, 
a(& - T) = 1, 01 is constant except in the region between S, and S, , and 01 
is strictly increasing on any trajectory segment crossing from S, to St (such a 
function a! is easily constructed using simple versions of the techniques, which 
were used to prove Lemma 2.2). Define V = (1 - a)U + aW. Then V is a C’ 
function on B and r = (1 - CX) 0 + cyI#’ $- &( W - U) is positive in the region 
between S,, and S, since each term is ‘positive. Since V agrees with Cr near 
6- - 7 and with W near W, , it follows that I’ satisfies the requirements of the 
theorem on the b, side of W, . A similar argument on the b- side of IV0 produces 
the function I’, which satisfies the full requirements of this theorem. 
Remark 3.4. If B is a Cr isolating block instead of a CT isolating-block-with- . 
corners B, in B with the property that 7i = 7. This is accomplished by defining 
cross sections for the flow which are to be the ingress and egress sets of B, and 
then pushing b, and b- forward and backward along the trajectories to create 
B, . Theorems 2.1 and 3.3 can be applied to B, and the resulting Lyapunov 
functions can be isotoped to B by using the reverse push from B, to B as in 
Lemma 2.2. Therefore, the hypothesis that B is a C’ isolating-block-with 
corners can be replaced by the hypothesis that B is a C’ isolating block in 2.1 
Theorems and 3.3 and Corollary 2.3. 
Remark 3.5. In [3], Easton has shown that if M is a 3-manifold, then for 
any Cr isolating block, the condition 6, - a+ w 7 x [0, 1) is always satisfied. 
Using the relationship described in the previous remark, it is easy to see that this 
condition also holds for a Cr isolating-block-with-corners. Consequently, the 
conclusions of this section (Theorem 3.3 and Remark 3.4) are always valid on 
3-manifolds. 
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